We develop systematically to all orders the forward scattering description for retarded amplitudes in field theories at zero temperature. Subsequently, through the application of the thermal operator, we establish the forward scattering description at finite temperature. We argue that, beyond providing a graphical relation between the zero temperature and the finite temperature amplitudes, this method is calculationally quite useful. As an example, we derive the important features of the one loop retarded gluon self-energy in the hard thermal loop approximation from the corresponding properties of the zero temperature amplitude.
I. INTRODUCTION
In a series of papers [1, 2, 3, 4] , the idea of a thermal operator representation [5, 6] has been developed extensively in both the imaginary time formalism as well as the real time formalism of closed time path. In simple terms, the thermal operator representation relates a Feynman graph at finite temperature (with or without a chemical potential) to the corresponding graph at zero temperature. As we have argued earlier, the thermal operator representation offers a powerful method for studying various questions at finite temperature. As an example, we have shown in an earlier paper [7] how the cutting rules at finite temperature (with or without a chemical potential), in the closed time path formalism, can be derived starting from those at zero temperature. This derivation also clarifies the miraculous cancellations that arise in an explicit demonstration of a cutting description for the imaginary part of a thermal amplitude [8, 9] .
At finite temperature, retarded amplitudes play a significant role in studying various physical phenomena. Plasma oscillations provide a very simple example of this. When a thermal plasma is perturbed weakly, the subsequent response of the plasma to the perturbation is studied using the linear response theory [10, 11, 12] . In particular, the damping of the oscillation in the plasma is understood by analyzing the poles of the retarded propagators of the particles moving through the plasma. Of course, at finite temperature very few quantities can be evaluated exactly, but the forms of thermal amplitudes simplify considerably either in the low temperature or the high temperature limits. In many phenomena of physical interest (such as quark-gluon plasma phase transitions, early universe etc), it is the high temperature behavior that is relevant. While there are many ways of evaluating the high temperature behavior (also known as the hard thermal loop approximation [13] ) of thermal amplitudes, the forward scattering description for the retarded amplitudes provide an efficient calculational tool [14] . This can be seen from the following simple example. Let us consider a scalar field theory with a cubic interaction in six dimensions (which is similar to non-Abelian gauge theories in four dimensions). The thermal correction to the one loop retarded self-energy can be directly calculated (see 
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where E k = k 2 + m 2 , E k+p = ( k + p) 2 + m 2 . Furthermore, n B (E k ) denotes the bosonic distribution function and p 0 is assumed to correspond to p 0 + iǫ which is necessary for the retarded self-energy. At very high temperatures where | k| ≫ p µ , m, the masses can be neglected and we see from (1) that the high temperature limit needs to be calculated carefully since there are energy differences in the denominator. On the other hand, the forward scattering description of the same retarded self-energy involves diagrams where one of the internal propagators in the loop is thermal and on-shell while the other corresponds to a zero temperature retarded propagator. They are shown in Fig. 2 
Here the "iǫ" in p 0 (denoting a retarded propagator) as well as k 0 = E k are to be understood. At high temperature where masses can be neglected, this takes the simple form
The structure resulting directly from the forward scattering description is very simple and interesting (of course, the same structure would also arise in a direct calculation, but limits have to be taken carefully and terms have to be grouped properly before this simple structure is obtained). First of all, we note that the coefficient of the
in the integrand is manifestly Lorentz covariant and is a homogeneous function of degree zero in the external momentum and of degree (−2) in the internal momentum. The manifest Lorentz covariance is broken at high temperature only when the angular integration is carried out. In fact, if we carry out the integration over | k|, the high temperature limit is obtained to be
where we have definedk µ = (1,ˆ k). This Lorentz covariant structure of the integrand in (3) (which results directly in the forward scattering description) is very helpful and has been used to derive in a simple way, in the hard thermal loop approximation, the effective action for QCD as well as the energy-momentum tensor for the quark-gluon plasma [15] . This method is also convenient for the analysis of the high temperature behavior of gauge field theories in a curved space-time [16] . It is also worth noting that the study of the solution of the transport equation at high temperature leads to structures naturally arising in the forward scattering method [17] .
In spite of its success, a simple and general derivation of the forward scattering amplitudes to all orders at finite temperature is so far lacking. As we have already argued, the thermal operator representation [1, 2, 7] provides a powerful method for obtaining results at finite temperature starting from zero temperature and in this paper we show how the forward scattering amplitudes for retarded thermal n-point functions can be derived through the use of the thermal operator representation. The thermal operator representation is clearly meaningful in studying this question if there exists a forward scattering description at zero temperature. In this paper we derive the forward scattering description for retarded amplitudes in zero temperature field theories. The thermal operator representation then directly leads to the forward scattering description at finite temperature and clarifies the origin of the nice structures observed in the context of the forward scattering amplitudes at high temperature.
The paper is organized as follows. In section II, we develop the forward scattering description for retarded amplitudes of a scalar field theory at zero temperature. In section III, we show how the thermal operator representation leads directly to the forward scattering description for retarded thermal amplitudes. In this section, we also point out various interesting features of retarded amplitudes both at zero as well as at finite temperature. In section IV we discuss the forward scattering description for the Yang-Mills theory. In particular, we emphasize that various nice properties in the hard thermal loop approximation such as transversality, manifest Lorentz covariance and gauge invariance of the integrand of the one loop retarded self-energy follow simply from the properties of the zero temperature amplitude through the thermal operator representation. We conclude with a brief summary in section V.
II. FORWARD SCATTERING DESCRIPTION AT ZERO TEMPERATURE
The idea of forward scattering description basically already exists even at zero temperature although it is not as well developed and is certainly not widely known. Therefore, in this section, we will develop the idea of forward scattering amplitudes at zero temperature systematically for retarded amplitudes so that the thermal operator representation can lead directly to the forward scattering amplitudes at finite temperature. The basic idea behind a forward scattering description at zero temperature [18] is the simple observation that a (time ordered) Feynman propagator (for a massive scalar particle, for simplicity) can be expressed as
where we have identified E 2 k = k 2 + m 2 . Namely, the Feynman propagator is the sum of the retarded propagator and a negative energy propagator. As a result, if we have a simple one loop diagram with n scalar propa-gators, the amplitude (neglecting vertex factors) can be written as
where we have denoted the momentum in the ith propagator as k i which is a sum of the loop momentum k and some combination of the external momenta whose explicit form is not relevant for our discussion. The form of the integrand in (6) is quite interesting. The first term in the product which will involve only products of retarded propagators would vanish when integrated over energy (which can be seen simply as a consequence of the fact that all the poles lie on the lower half of the complex plane and, therefore, the contour can be closed in the upper half plane to yield zero). The other terms in the expansion of the right hand side would involve terms with a number of retarded propagators and the rest of the propagators on-shell. If we assume that an on-shell propagator can be thought of as a cut open line representing an on-shell particle coming in and going out, this is very roughly a forward scattering description, namely, a Feynman amplitude can be expressed as a sum of diagrams that involve a number of on-shell particles scattering in the forward direction (their momenta are unchanged in the scattering) and retarded propagators. It is worth noting from the form of (6) that the series of forward scattering diagrams may involve completely disconnected diagrams (which is not the case for retarded amplitudes at finite temperature), but we would like to point out that this is only a consequence of the fact that we are looking at a time ordered Feynman amplitude.
On the other hand, we are interested in retarded amplitudes and, as is well known, these are quite hard to construct at zero temperature within the context of the conventional Feynman propagators. However, if we double the degrees of freedom (the theory with the doubled degrees of freedom can be taken as the zero temperature limit of the theory at finite temperature in the closed time path formalism as described in [7, 9] ), a diagrammatic representation of retarded amplitudes can be constructed in a straight forward manner. With this in mind, let us look at a scalar field theory with a φ 3 interaction with doubled degrees of freedom and we denote the two field degrees of freedom as φ + and φ − . The propagator for the doubled theory corresponds to a 2 × 2 matrix
and in the momentum space, the components take the forms
(Unlike in our earlier papers [1, 2, 7] , here we will follow the simple convention of representing quantities at zero temperature without any superscript (T = 0). We will reserve the superscript (T ) only for quantities at nonzero temperature in order to simplify the notation.)
However, since the forward scattering amplitudes have a physical description in the mixed space (we will discuss this later), we will analyze the problem in this context (the momentum space analysis that is normally done can be obtained from our results through a Fourier transformation). In the mixed space, the components of the propagator can be obtained from a Fourier transformation of (8) and have the forms (see also [7] for various notations and conventions)
where E = p 2 + m 2 describes the on-shell energy of the particle and we are suppressing the "iǫ" in the exponents for simplicity. Thus, we see that ∆ ±∓ describe respectively the on-shell negative and positive energy propagators. The vertices involving the φ + fields and the φ − fields differ by a relative negative sign.
The time ordered components of the propagators in (9) satisfy the constraint
It is now simple to see that the retarded and the advanced propagators of the theory can be identified with
much like at finite temperature [9] . From these definitions, we note that
as we would expect. As a result of these relations, we can decompose the matrix propagator in (7) as
where
Let us next note that a retarded n-point amplitude at any loop can be defined as follows. If we assume that the time t 1 corresponding to the first index of the amplitude is the largest among the time coordinates, then we have (15) where we have suppressed the energy dependence of the amplitude for simplicity. Here a i denote the "thermal indices" of the fields which can take the values "±". For example, the retarded two point function (self-energy) at one loop would correspond to the sum of the two diagrams in Fig. 3 . Let us also note here for future use that, for any n-point amplitude,
which follows from the largest time equation [7] . We are now ready to derive the forward scattering description for retarded amplitudes to all orders at zero temperature and we do so in two steps. 
A. Forward scattering amplitudes at one loop
The forward scattering amplitudes for retarded n-point functions can be derived algebraically at one loop (which is the reason for separating the derivation into two cases). First we note from (15) that the retarded amplitude consists of terms where each vertex other than the largest time is summed over the thermal index "±". Furthermore, as we have already pointed out, the vertex for the φ − field has a relative negative sign compared to that for the φ + field. Thus, summing over the thermal index of the graph at one loop can be effected by multiplying the matrix propagator with a 2 × 2 matrix σ 3 at the vertex where the thermal index is being summed. For example, for the case of the retarded self energy at one loop (see Fig. 3 ), we note that (once again we are neglecting factors associated with the vertices as well as the dependence on external energies for simplicity)
Note also that the retarded amplitude is obtained by taking the "++" component in the matrix product (simply because we start from a "+" vertex and end at the same vertex). As a result of this simplification, the retarded n-point amplitude at one loop, shown in Fig. 4 Sum over the thermal indices from t2 to tn is to be understood.
We can use the decomposition (13) of the propagator in terms of the P, Q matrices which satisfy many interesting relations. We list below some of the relations that are useful for our discussion.
Using these relations, the n-point amplitude in (18) can be simplified considerably. First, we note that the expression on the right hand side can at most be linear in Q and, therefore, can only have at most a single propagator of the type ∆ +− which as we have seen can describe on-shell particles (see, for example, (8) ). Furthermore, if we assume that an on-shell propagator can be thought of
as a cut open line (representing an on-shell particle), it is clear that the retarded n-point amplitude will involve only connected diagrams (not disconnected as can be the case in a time ordered Feynman amplitude which we have seen earlier). In fact, an explicit evaluation of (18) leads to
where we are identifying t n+1 = t 1 , E n+1 = E 1 . We are also using the convention that when m = 0 (or m = n − 1), the term in the parenthesis has the value
It is obvious that the first term in the bracket that involves only a product of retarded propagators would vanish when integrated. Furthermore, using (12) we can convert all the advanced propagators into retarded ones and write
This gives a forward scattering description for the retarded n-point amplitude at one loop at zero temperature. Each term in the series is a number of retarded propagators with one on-shell propagator (∆ +− ) leading to the forward scattering of a single on-shell particle in all possible manner in a connected causal manner. Unlike the Feynman amplitude in (6), the forward scattering description for the retarded n-point function does not involve disconnected diagrams which is also reflected in the basic definition of the retarded amplitudes in terms of nested commutators that we will discuss in section III.
From (22), we can easily derive a recursion relation for the integrands of the one loop retarded amplitudes of the form
B. Forward scattering amplitude at higher loops
The simple algebraic derivation of the one loop forward scattering amplitudes for the zero temperature retarded n-point function does not carry over to higher loops in general. This is simply because of the fact that at higher loops, more than two propagators (internal lines) may be connected to a given vertex. In such a case, the convenient matrix structure for retarded amplitudes that arises in one loop (because only two propagators can be connected to a vertex) is not present. Nonetheless, the forward scattering description for some simple higher loop graphs can be easily derived algebraically as follows. Let us consider the scalar φ n+2 theory. In this case, the retarded self-energy at n-loops (see Fig. 5 ) can be written as
Here k i , i = 1, 2, · · · , n denote the n independent momenta of the loops and in the intermediate steps, we have used various relations such as (11) and have neglected terms involving products of retarded quantities in the integrand (which will vanish upon integration). The recursion relation in (24) is interesting for two reasons. First, it shows the generic feature in higher loops that any retarded amplitude at n loops can be given a forward scattering description in terms of retarded amplitudes at lower order. Second, the recursion relation (24) can be thought of as a recipe for opening up loops [18] Although the forward scattering description for some simple higher loop diagrams can be derived algebraically, for a general higher loop amplitude, this is best established diagrammatically. For this purpose, let us introduce the graphical representation for the two parts of the matrix propagator in (13) as
There are two important things to note here. First, the "cut" propagator corresponds to the on-shell propagator and all the elements of the matrix Q have the value unity so that the form of the "cut" propagator is the same independent of the indices a, b = ±. Second, since the propagator P is directional, we choose the convention of taking the direction of time flow to be towards the "+" vertex in a retarded amplitude (which corresponds to the largest time). This simplifies the derivation and is physically meaningful to give a causal evolution for the amplitudes. The direction of the time flow at other vertices, where the thermal indices are being summed over, is unimportant. It is clear that a graphical decomposition of the propagator in the manner as described in (25) would allow us to write any diagram as a sum of diagrams each consisting of certain numbers of "P " propagators and the remaining ones "cut" propagators. Each "cut" propagator corresponds to an on-shell propagator and, therefore, can be thought of as a cut open line representing forward scattering of an on-shell particle. This can, therefore, also be thought of as a graphical description of the opening up of loops.
In this process of "opening up of loops", we may run into disconnected diagrams. As we will discuss in more detail in the next section, the retarded amplitudes correspond to vacuum expectation values of products of nested commutators and as such cannot have disconnected diagrams (which would correspond to products of vacuum expectation values). This can, of course, be checked graph by graph at any order as was done at finite temperature in [19] . However, this can also be seen graphically as follows. Suppose, in this process of opening up of a diagram, it separates into two disconnected parts as shown in Fig. 6 . In this case, there are two distinct possibilities. First, one of the disconnected parts contains the "+" vertex corresponding to the largest time and the other a connected part involving only vertices whose thermal indices are being summed over. In this case, the second part would vanish because of the identity (16) . The other possibility is that one of the disconnected parts is a connected diagram involving the "+" vertex and the other simply consists of a vertex whose thermal index is being summed over. Once again, when we sum over the thermal index of this disconnected vertex (with a fixed distribution of the other thermal indices), the diagram would sum to zero (since the "+" and the "−" vertices have a relative negative sign). The crucial ingredient that allows this argument to go through is the special property that a "cut" propagator is the same for any value of the thermal indices. As a consequence of this nice result, it follows now that for an arbitrary retarded amplitude at n loops, there can at the most be n number of "cut" propagators in a diagram because more cuts than that would render the graph disconnected. Furthermore, only those propagators in a diagram can be "cut" propagators (even when their number is less than or equal to n) if they do not render the diagram disconnected. The propagators that are not cut correspond to the "P " propagators which can be seen explicitly from (14) to be lower triangular with
As a result, in a retarded amplitude, the uncut propagators simply correspond to ∆ R propagators (which can be thought of as retarded "P " propagators).
From these interesting properties follows a simple recipe for constructing the forward scattering amplitudes for a retarded graph at n loops. Start with a given graph and write it as sum of all possible diagrams involving "uncut" and "cut" propagators (open lines) such that none of the diagrams is disconnected and that there are at the most n number of "cut" propagators. The diagram with n number of "cut" propagators would correspond to a tree level forward scattering diagram with intermediate retarded propagators. Any diagram with the number of "cut" propagators less than n, would involve vertex diagrams of lower order (loop) as well as intermediate propagators that are retarded. The vertex diagrams of lower order would correspond to retarded diagrams with respect to the "P " propagators and, therefore, would involve only ∆ R propagators. This is the forward scattering description for a retarded diagram at any loop at zero temperature.
The above recipe is already obvious in the examples that we have discussed before. Let us illustrate these as well as some nontrivial examples at higher loops in a graphical manner. First, let us look at the one loop retarded self-energy in the φ 3 theory which can be written as
Similarly, the retarded three point function at one loop in the φ 3 theory takes the form
Let us next look at the retarded self-energy at two loops in the φ 4 theory, which takes the form
Here and in what follows a multiplicative factor in a graph denotes symbolically the number of distinct graphs of the same topology that can be drawn. Let us next look at a nontrivial diagram for the retarded self-energy at two loops in the φ 3 theory which takes the form
All these examples illustrtate how the recipe works for an arbitrary retarded amplitude at n-loops and demonstrate the forward scattering description for a retarded amplitude at zero temperature.
III. FORWARD SCATTERING DESCRIPTION AT FINITE TEMPERATURE
Given the forward scattering description for retarded amplitudes at zero temperature, it is now straight forward to derive the forward scattering description at finite temperature through the use of the thermal operator. Let us recall that in the closed time path formalism, the thermal propagator for a scalar field can be related to the zero temperature one through the thermal operator as [1] 
Here n B (E) represents the bosonic distribution function and S(E) is a reflection operator that takes E → −E. The thermal operator is the same for each component of the propagator (it is a scalar multiplicative operator) and leads to
where we have identified the temperature dependent part of the propagator to be (this notation is in an attempt to be consistent with the notation in [19] , although we have denoted the propagator in those papers by G)
The other interesting thing to note is that
Namely, physical propagators such as the retarded and the advanced propagators (at the tree level) are independent of temperature. Graphically, these results can be written as
where the "double cut" propagator can be identified with ∆ β +− Q (completely parallel with the notation of [19] ).
We know that any Feynman graph at finite temperature is related to the corresponding zero temperature graph through a thermal operator [1, 2] that can be built out of the basic thermal operator in (32). For example, the integrand of a graph (after the internal time integrations are done in the mixed space or the energy integrations are done in the energy-momentum space) with N scalar propagators carrying energy E i , i = 1, 2, · · · , N at finite temperature is related to the integrand of the corresponding graph at zero temperature by the thermal operator
This is a consequence of the simple fact that at finite temperature only the propagators of the theory are modified (because of the periodicity properties) while the interaction vertices remain unaltered. As a result, the finite temperature forward scattering description for a retarded diagram can be obtained directly from the zero temperature one by simply applying the thermal operator appropriate to the particular diagram. Of course, this also clarifies the origin of the finite temperature forward scattering description, namely, it exists because there is a corresponding description at zero temperature. It is clear from (36) that since the thermal operator does not change the "P " propagators, all the uncut lines in a diagram in the forward scattering description will continue to be the zero temperature retarded propagator, ∆ R . The thermal operator will only change the "cut" propagators (the open lines) to a "cut" plus a "double cut" propagator. (Like the "cut" propagators, the "double cut" propagators are also on-shell with a factor of the distribution function n B and correspondingly can be thought of as representing thermal on-shell incoming and outgoing particles.) Thus, one can organize the graphs in the number of "double cut" propagators. There will be diagrams with no "double cut" propagator, a single "double cut" propagator and so on and the maximum number of "double cut" propagators will be n for a retarded amplitude at n loops. The diagrams without any "double cut" propagator will, of course, correspond to the zero temperature retarded amplitude. The diagrams with the maximum number of "double cut" propagators (n in the case under study) will represent tree level forward scattering amplitudes for thermal on-shell particles. The diagrams with the number of "double cut" propagators less than n will all arrange into forward scattering amplitudes for thermal on-shell particles with (zero temperature) retarded vertices of lower order (n − 1 and lower). Namely, the effect of applying the thermal operator to a retarded amplitude at zero temperature is to change all the "P " retarded vertices in the forward scattering description to genuine retarded vertices at zero temperature and replace all the on-shell forward scattering particles by thermal on-shell forward scattering particles. If we ignore the zero temperature retarded amplitude, the rest of the diagrams yield the temperature dependent forward scattering amplitudes.
The fact that the graphs will arrange as described above can be seen symbolically as follows. Let us identify ∆ R = P, ∆ +− = y, ∆ β +− = y β . Then, a retarded graph with N propagators at zero temperature can be symbolically represented as (P + y)
N . If the graph is at n loops, then we can expand it in terms of the number of on-shell propagators (y) and write symbolically as
(38) Here the multiplicities a i , i = 1, 2, · · · , n are assumed to denote the number of ways the forward scattering onshell particles can occur in a graph without disconnecting the diagram (which is why these cannot correspond to the pure binomial coefficients). Furthermore, the terms involving powers of P represent intermediate retarded propagators as well "P " retarded vertices. As we have seen, under the action of the thermal operator
As a result, using the thermal operator representation, we obtain
It is useful to remember that the sum of the power of y and y β in any term on the right hand side of (40) can at the most be n at n loops.
Let us illustrate these relations with some examples. Applying the thermal operator to the forward scattering description of the retarded self-energy in the φ 3 theory at one loop (see (27)), we obtain
Similarly, the one loop retarded three point function (see (28)) at finite temperature takes the form
A slightly more complicated example would correspond to the two loop retarded self-energy in the φ 4 theory (see (29)) at finite temperature which takes the form
This shows explicitly how the "P " retarded vertices of lower order rearrange themselves into full retarded vertices. Finally, let us consider the nontrivial example of the two loop retarded self-energy diagram (see (30)) at finite temperature
This nontrivial example once again demonstrates how the "P " retarded vertices of lower order rearrange themselves into full retarded vertices. We note that the thermal operator O (T ) for the different amplitudes in (41),(42),(43) and (44) are different and their appropriate forms can be obtained from (37). Furthermore, the temperature dependent forward scattering amplitudes are denoted with a superscript β to coincide with the definition in [19] and in the applicable examples can be checked to agree with the results there.
We would now like to make some observations on the structure of retarded amplitudes in general which are not directly related to the main goal of this paper, but are quite important in understanding their structures. First, we note that the retarded N -point amplitude at any loop is defined algebraically in the coordinate space in terms of the original fields of the theory as the vacuum expectation value of the nested commutators [20] 
Here we have assumed that the time coordinate t 1 is the largest among all the coordinates and the "permutations" refer to symmetrizing in all the other coordinates (other than the largest time) and fields. As a result, the retarded amplitude is symmetric in all the coordinates other than the largest time coordinate. For a real scalar field, φ(x) is a Hermitian operator and, therefore, the factor (−i) N −1 shows that the retarded amplitudes are real in coordinate space. Under Hermitian conjugation, the change in the sign of each factor of i is compensated by the change in sign coming from each commutator. We have already argued in section II graphically that a retarded amplitude cannot have disconnected parts which would correspond to products of vacuum expectation values. This can also be seen from the above definition as follows. Let us denote the nested commutator involving the first N − 1 fields as
Then, we can write the vacuum expectation value of the nested commutator in (45) as
Inserting a complete set of intermediate states (say, discrete energy eigenstates or the particle number states), this can be written as
Namely, the intermediate vacuum states cancel out in the vacuum expectation value of the commutator and as a result, the retarded amplitudes contain only connected graphs which we have explicitly seen earlier.
It was noted earlier [7] that the retarded self-energy for a real scalar field in the mixed space is a real quantity. As we have already argued, the retarded amplitudes, by definition, are real in the coordinate space. However, in going to the mixed space, one Fourier transforms the spatial coordinates into spatial momenta and Fourier transformation does not maintain the reality of a function in general. Let us comment here briefly on when the retarded amplitudes will be real in the mixed space for a scalar theory. The definition of the retarded amplitudes in the mixed space take the form (see (45))
Under Hermitian conjugation, the change in sign in each factor of "i" is still compensated for by the change in sign coming from each commutator. However, since under Hermitian conjugation
the retarded amplitude is not real in general. In fact, let us note explicitly that under Hermitian conjugation,
We note that if the scalar field transforms under parity as
where η = (−1) α denotes the intrinsic parity of the scalar field, then we can write (51) as
For a scalar field of even parity, α = 0 and we see that the retarded amplitudes will continue to be real even in the mixed space. However, for a pseudoscalar field, α = 1 and we note that only parity conserving retarded amplitudes will be real while the parity violating retarded amplitudes will be purely imaginary in the mixed space. We would like to emphasize that the reality of an amplitude in the coordinate space/mixed space is not contradictory to the existence of dispersion relations in the energy-momentum space since the imaginary parts of the amplitudes in energy-momentum space arise from the imaginary parts of the step functions (θ(t)) in the integral representation.
IV. FORWARD SCATTERING DESCRIPTION FOR YANG-MILLS THEORY
The results of the earlier sections show that the forward scattering description at finite temperature can be obtained from the forward scattering description at zero temperature by the use of the thermal operator. Although we have done this explicitly for scalar field theories, this can be generalized easily to other theories. We would like to emphasize that this correspondence between the finite temperature and zero temperature forward scattering descriptions should not be thought of as useful only in establishing a graphical identification. It is also quite useful as a calculational tool as well as in clarifying various aspects of field theories at high temperature. To give an example of this, we will next derive the retarded gluon self-energy in the Yang-Mills theory (belonging to SU (N )) at one loop in the hard thermal loop approximation from the zero temperature result, which will also clarify the structure of this thermal amplitude.
A lot is known about the structure of Yang-Mills theories at high temperature [11, 12] . It is known, for example, that in the hard thermal loop approximation the one loop retarded self-energy in the forward scattering description is independent of the gauge fixing parameter and has a manifestly gauge invariant (transverse) and Lorentz covariant structure (before carrying out the angular integrations). However, the reason for such a structure at finite temperature is not well understood. We will see below that such a structure of the integrand for the retarded self-energy already exists at zero temperature in the appropriate regime and since the thermal operator is gauge invariant, the thermal amplitude obtained through the application of the thermal operator representation preserves these properties.
From the discussions in section II, we can immediately write down the forward scattering description for the one loop retarded self-energy for the Yang-Mills field (including the ghost contributions) easily. Our discussion in section II has been completely within the context of the mixed space simply because we wanted to bring out the physical nature of the retarded amplitudes as evolving forward in time in a connected manner. However, the thermal operator representation holds equally well in the energy-momentum space (which can be seen simply by Fourier transforming the external time coordinates) where the thermal operator acts on the integrand after all the energy integrations have been carried out. Since all the calculations of thermal amplitudes in the hard thermal loop approximation have been carried out in the energy-momentum space, in this section we will also work in the energy-momentum space and use the V. CONCLUSION
In this paper, we have derived systematically the forward scattering description for retarded amplitudes to all orders at zero temperature. This graphical derivation then allows us to obtain the forward scattering description for such amplitudes to all orders at finite temperature through the thermal operator representation. Although our derivation has been within the context of a scalar field theory, the derivation can be generalized easily to other theories with or without a chemical potential. Furthermore, although we have used the real time formalism of closed time path for our discussions for simplicity, the results also hold in the imaginary time formalism (which we do not go into). Besides giving a graphical derivation of the forward scattering description at finite temperature, such a relation can be used as a powerful tool for calculations at high temperature and clarifies various properties of thermal amplitudes. As an example, we have calculated the one loop retarded self-energy for gluons in the Yang-Mills theory at finite temperature starting from the forward scattering description at zero temperature. This derivation emphasizes that various nice features of these amplitudes such as gauge invariance, transversality, manifest Lorentz covariance etc arise simply because the zero temperature amplitude already possesses such properties. This description of the forward scattering amplitudes at finite temperature provides yet another example of the usefulness of the thermal operator representation.
